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SHAOZU WANG
Abstract. The height of a polynomial f(x) is the largest coefficient of
f(x) in absolute value. Let B(n) be the largest height of a polynomial in
Z[x] dividing xn − 1. In this paper we investigate the maximal height of
divisors of xpq
b
−1 and prove that some conjectures on the maximal height
of divisors of xpq
b
− 1 are true.
1. Introduction
The height H(f(x)) of a polynomial f(x) is the largest coefficient of f(x)
in absolute value. Let
Φn(x) =
∏
1≤a≤n
(a,n)=1
(x− e
2piia
n )
be the n-th cyclotomic polynomial. The degree of Φn(x) is φ(n) where φ is
the Euler totient function. We have the factorization
xn − 1 =
∏
d|n
Φd(x).
All of the polynomials in this paper will be assumed to have integral coeffi-
cients. The function A(n) := H(Φn(x)) was studied extensively ([1, 2, 4, 6]).
Due to the following result, which can be verified directly, to determine A(n)
it suffices to consider square-free values of n.
Proposition 1.1. Let p be a prime. Then
(1) If p | n, then Φpn(x) = Φn(x
p).
(2) If p ∤ n, then Φn(x)Φpn(x) = Φn(x
p).
Key words and phrases. Cyclotomic polynomial; Height of a cyclotomic polynomial.
Supported by NSFC (Nos. 11171141, 11071110), NSFJ (Nos. BK2010007, BK2010362),
PAPD and the Cultivation Fund of the Key Scientific and Technical Innovation Project,
Ministry of Education of China (No.708044).
1
2 SHAOZU WANG
This proposition implies that if p|n, then A(pn) = A(n). It is also easy to
verify that if n is odd, then Φ2n(x) = Φn(−x). So A(2n) = A(n).
In [9] Pomerance and Ryan introduced the function
B(n) := max{H(f) : f | xn − 1 and f ∈ Z[x]}.
They proved that B(n) = 1 if and only if n = pl and B(pq)=min{p, q} where p
and q are distinct primes. Kaplan [5] obtained that B(pq2)=min{p,q2} for any
distinct primes p and q. And Ryan et al [8] proved a lower bound for B(paqb)
and made the following conjectures.
Conjection 1.2. ([8]) For a fixed odd prime p and fixed positive integer b, the
finite list of values B(pqb) as p < q varies are all divisible by p.
Conjection 1.3. ([8]) Let p < q be odd primes.
(1) For any positive integer b, B(2qb) = 2.
(2) For any positive integer b > 2, B(pqb) > p.
In [3], Decker and Moree established various results suggesting that the
divisors of xn−1 have the tendency to be strongly coefficient convex and have
small coefficients. The case where n = pq2 with p and q primes is studied in
detail.
We would eventually like to give an explicit formula for B(pqb), but this
appears very difficult. In this paper, we will give this classification in the
special case where p < q and prove that the above conjectures are ture. In
section 2, we give some lemmas which will play important roles in the proof
of our main results. In section 3, we prove that Conjecture 1.2 as follows.
Theorem 1.4. Let p < q be primes. For any positive integer b, p|B(pqb).
By Theorem 1.4, we will show that the first part of Conjecture 1.3 is true.
Moreover, we will give an explicit formula for B(3qb) as follows.
Theorem 1.5. Let p < q be primes. For any positive integer b,
B(pqb) =
{
2, if p = 2,
3 · 2[
b−1
2
], if p = 3.
In section 4, we will give an explicit formula for B(pq3) as follows
Theorem 1.6. Let p, q be distinct odd primes and ρ and σ denote the unique
positive integers such that ρp + σq = (p− 1)(q − 1). Then
B(pq3) = max{min{p, q3},H(Φp(x)Φq(x)Φpq2(x)Φq3(x))},
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i.e.
B(pq3) =


H(Φp(x)Φq(x)Φpq2(x)Φq3(x)), if p < q,
max{p, H(Φp(x)Φq(x)Φpq2(x)Φq3(x))}, if q < p < q
2,
p, if q2 < p < q3,
q3, if p > q3.
Moreover, if p < q, we have B(pq3) = max{(σ + 1)p, (p− (σ + 1))p}.
As an application of Theorem 1.6, the second part of Conjecture 1.3 is true.
The rest of the paper consider the formulas for B(pq4) and B(pq5). We shall
prove the following result
Theorem 1.7. Let p < q be distinct odd primes. Then
B(pqb) =
{
max{pH(Φpq(x)Φpq2(x)Φq3(x)), pH(Φpq(x)Φq2(x))}, if b = 4,
pH2(Φpq(x)Φq2(x)), if b = 5.
By Theorem 1.7, we prove that B(pqb) is determined by q(mod p).
Theorem 1.8. Let p < q < r be distinct odd primes and q ≡ ±r (mod p). If
b ≤ 5, then B(pqb) = B(prb).
2. Preliminaries
To show our main results, some preparations are needed.
Lemma 2.1. ([5])Let T(f(x)) denote the sum of the absolute values of the
coefficients of the polynomials f(x). Then for any two polynomials f(x) and
g(x), H(f(x)g(x)) ≤ T(f(x))H(g(x)) and T(f(x)g(x)) ≤ T(f(x))T(g(x)).
Lemma 2.2. Let f(x) =
∑n
i=0 aix
i and g(x) =
∑m
j=0 bjx
kj. If there exists
s ∈ Z such that sk > n, then H(f(x)g(x)) ≤ sH(f(x))H(g(x)).
Proof. Since f(x)g(x) =
∑n
i=0
∑k
j=0 aibjx
i+mj , the coefficient of xl in the
product f(x)g(x) is
∑
i+kj=l aibj and | aibj |≤ H(f(x))H(g(x)) where 0 ≤ l ≤
n +mk. If there exist integers 0 ≤ i1 < i2 < · · · < is+1 ≤ n, 0 ≤ js+1 < js <
· · · < j1 ≤ m such that
xi1+kj1 = xi2+kj2 = · · · = xis+1+kjs+1,
then is+1 − i1 = k(j1 − js+1). Hence we have n ≥ sm which obviously does
not hold. Therefore we have |
∑
i+mj=l aibj |≤ sH(f(x))H(g(x)) and then
H(f(x)g(x)) ≤ sH(f(x))H(g(x)).
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
By Lemma 2.2, for distinct primes p, q, we have
H(Φq(x)g(x
q)) = H(g(xq)) = H(g(x)),
H(Φq(x
p)g(xq)) = H(g(xq)) = H(g(x)), if (p, q) = 1.
(1)
For example, if b > 1, we have H(Φq(x
p)Φpqb(x)) = 1.
We will use the structure of the coefficients of Φpq(x) to get some results.
Let Φpq(x) =
∑(p−1)(q−1)
i=0 aix
i. In [7], Lam and Leung gave a detailed analysis
of these coefficients ai and proved the following proposition.
Proposition 2.3. Let p and q be distinct primes and ρ and σ denoted the
unique positive integers such that ρp + σq = (p − 1)(q − 1). Then ak = 1 if
and only if k = ip + jq for some i ∈ [0, ρ] and j ∈ [0, σ]. Also ak = −1 if
and only if k+ pq = ip+ jq for some i ∈ [ρ+1, q− 1] and j ∈ [σ+1, p− 1].
Otherwise ak = 0.
Lemma 2.4. Let f(x) =
∑n
s=0 asx
qs. Then
H(Φpq(x)f(x)) ≤ max{σ + 1, (p− (σ + 1))}H(f(x)).
Proof. Let 
h1(x) =
∑n
s=0
∑ρ
i=0
∑σ
j=0 asx
ip+jq+sq,
h2(x) =
∑n
s=0
∑q−ρ−2
i=0
∑p−σ−2
j=0 asx
ip+jq+sq+1.
(2)
Then Φpq(x)f(x) = h1(x)−h2(x). By Proposition 2.3, h1(x) and h2(x) have no
same monomials. Therefore H(Φpq(x)f(x)) = max{H(h1(x)), H(h2(x))}. Fix
(i1, j1, s1). If there exists (i, j, s) such that x
i1p+j1q+s1q = xip+jq+sq, then i = i1.
Therefore the coefficient of xi1p+j1q+s1q is
∑
j+s=j1+s1
as. Since 0 ≤ j ≤ σ
and |as| ≤ H(f(x)), we have |
∑
j+s=j1+s1
as| ≤ (σ + 1)H(f(x)). Therefore
H(h1(x)) ≤ (σ + 1)H(f(x)). A similar argument can show that H(h1(x)) ≤
(p−(σ+1))H(f(x)). Then H(Φpq(x)f(x)) ≤ max{(σ+1), (p−(σ+1))}H(f(x)).
This completes the proof of Lemma 2.4.

Lemma 2.5. Let p and q be distinct primes and g0(x) = Φpq(x)Φq2(x). Then
(1) If g(x) | Φq(x)Φpq(x)Φq2(x)Φpq2(x) and g(x) 6= g0(x), then H(g(x)) = 1.
(2) 1 ≤ H(g0(x)) ≤ p− 1.
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Proof. It’s obvious by Lemma 2.1 and Lemma 2.2.

Lemma 2.6. Let g(x) = Φpq(x)Φpq2(x)Φq3(x) =
∑degg(x)
i=0 cix
i. Then we have
ci = ci−p if i 6≡ 0, 1 (mod q
2).
Proof. We have
(xp − 1)g(x) =
degg(x)∑
i>degg(x)−p
cix
i+p +
degg(x)−p∑
i=0
(ci − ci+p)x
i+p + x− 1
=
p+q−2∑
i=0
ai(x
iq2+1 − xiq
2
),
where
ai =


i+ 1, if 0 ≤ i ≤ p− 1,
p, if p ≤ i ≤ q,
p+ q − 1− i, if q + 1 ≤ i ≤ p+ q − 2.
(3)
If i 6≡ 0, 1 (mod q2), the coefficient of xi in the polynomial (xp − 1)g(x) is
0, then we have ci − ci−p = 0. Therefore ci = ci−p. Also we can show that
ci1 = ci2 if rq
2 + 1 < i1 < i2 < (r + 1)q
2 and i1 ≡ i2(mod p).

Lemma 2.7. ([8]) For primes p 6= q, B(paqb) ≥ min{pa, qb}.
3. Proof of Conjectures 1.2 and 1.3
Now we are ready to prove our main results.
Proof of Theorem 1.4. Note that B(pq) = B(pq2) = p, it suffices to
consider the case b > 2. For any h(x)|(xpq
b
− 1), there exist f(x)|(xpq − 1)
and g(x) |
∏b−1
i=1 Φqi(x)Φpqi(x) such that h(x) = f(x)g(x
q). We will first prove
that H(f(x)g(xq)) ≤ pH(g(xq)). We consider two cases.
Case 1. T(f(x)) ≤ p or degf(x) < q. By Lemma 2.1, we have
H(f(x)g(xq)) ≤ pH(g(xq)).
Case 2. T(f(x)) > p and degf(x) ≥ q.
(a) f(x) = Φpq(x) or Φq(x
p) or Φp(x)Φq(x) or (x
p− 1)Φq(x) or Φ1(x)Φp(x
q)
or Φ1(x)Φq(x
p) or Φq(x)Φp(x
q).
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By Lemma 2.1 and Lemma 2.2, it is easy to show that
H(f(x)g(xq)) ≤ pH(g(xq)).
(b) f(x) = Φ1(x)Φpq(x).
Let g(xq) =
∑n
i=0 aqix
qi and

h1(x) =
∑n
s=0
∑ρ
i=0
∑σ
j=0 aqsx
ip+jq+sq+1,
h2(x) =
∑n
s=0
∑q−ρ−2
i=0
∑p−σ−2
j=0 aqsx
ip+jq+sq+1,
h3(x) =
∑n
s=0
∑q−ρ−2
i=0
∑p−σ−2
j=0 aqsx
ip+jq+sq+2,
h4(x) =
∑n
s=0
∑ρ
i=0
∑σ
j=0 aqsx
ip+jq+sq.
(4)
Then f(x)g(xq) = h1(x) + h2(x) − h3(x) − h4(x). We consider the height of
the polynomial h1(x). Fix (i1, j1, s1). If there exists (i, j, s) such that
ip+ jq + sq = i1p+ j1q + s1q,
then we have i = i1. Therefore the coefficient of x
i1p+j1q+s1q is
∑
j+s=j1+s1
aqs.
Since |aqs| ≤ H(g(x
q)) and 0 ≤ j ≤ σ, we have
|
∑
j+s=j1+s1
aqs| ≤ (σ + 1)H(g(x)).
Hence H(h1(x)) ≤ (σ+1)H(g(x
q)). Similarly, H(h2(x)) ≤ (p−σ− 1)H(g(x
q))
and then H(h1(x) + h2(x)) ≤ pH(g(x
q)). We similarly show that
H(h3(x) + h4(x)) ≤ pH(g(x
q)).
By Proposition 2.3, we find that h1(x)+h2(x) and h3(x)+h4(x) have no same
monomials. Therefore H(f(x)g(xq)) ≤ pH(g(xq)).
Combining (1) and (2), one obtains H(f(x)g(xq)) ≤ pH(g(xq)).
Next we will prove that H(Φp(x)Φq(x)g(x
q)) = pH(g(xq)). Let g(xq) =∑n
i=0 aqix
qi and aqi0 = H(g(x
q)). The coefficient of xqi0+q−1 of Φp(x)Φq(x)g(x
q)
is paqi0 , then we have H(Φp(x)Φq(x)g(x
q)) ≥ pH(g(xq)). Therefore
H(Φp(x)Φq(x)g(x
q)) = pH(g(xq)) = pH(g(x)).
Let Hb = max{H(g(x))| g(x) |
∏b−1
i=1 Φqi(x)Φpqi(x)}. We have B(pq
b) = pHb.
This completes the proof of Theorem 1.4. ✷
This result shows that given any prime q > p, if we want to find the value
of B(pqb), it suffices to consider the value of Hb.
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Proof of Theorem 1.5. To prove the theorem, we consider two cases
separately.
Case 1. p = 2. Since B(2q) = B(2q2) = 2, it is sufficient to consider the case
b > 2. By Theorem 1.4, B(2qb) = 2 is equivalent to Hb = 1. We will first prove
that Hb = Hb−1. Obviously, Hb ≥ Hb−1. So we need to show Hb ≤ Hb−1. For
any h(x)|
∏b−1
i=1 Φqi(x
2), there exist f(x)|Φq(x
2) and g(x)|
∏b−1
i=2 Φqi(x
2) such
that h(x) = f(x)g(x). Then H(h(x)) = H(f(x)g(x)). If f(x) = 1 or Φq(x)
or Φq(x
2), by Lemma 2.2, we have H(f(x)g(x)) ≤ H(g(x)) ≤ Hb−1. If f(x) =
Φ2q(x), then Φ2q(x) = Φq(−x). By Lemma 2.2, we have H(Φ2q(x)g(x)) ≤
H(g(x)) ≤ Hb−1. Then we have Hb ≤ Hb−1. By Lemma 2.5, we have H3 = 1
and then Hb = 1. Therefore B(2q
b) = 1.
Case 2. p = 3. We will first prove that H3 = H4 = 2. By Lemma 2.5, we
have H3 ≤ 2. Since q > 3, we have q ≡ ±1 (mod 3). Without loss of generality
assume that q ≡ −1 (mod 3), then σ = 1 and we have the coefficient of xq of
polynomial Φpq(x)Φq2(x) is 2. Hence H3 = 2. A similar argument can show
that H4 = 2.
Next we will prove that, if b > 4, then Hb ≤ 2Hb−2. For any h(x)|
∏b−1
i=1 Φqi(x
3),
there exist f(x)|
∏2
i=1Φqi(x
3) and g(x)|
∏b−1
i=3 Φqi(x
3) such that h(x) = f(x)g(x).
Then H(h(x)) = H(f(x)g(x)). If f(x) 6= Φ3q(x)Φ3q2(x), by Lemmas 2.2 and
2.4, we have H(f(x)g(x)) ≤ 2H(g(x)) ≤ 2Hb−2. If f(x) = Φ3q(x)Φ3q2(x), by
Lemma 2.2, we have
H(f(x)g(x)) ≤ 2H(Φ3q(x)Φ3q2(x))H(g(x)) = 2H(g(x)) ≤ 2Hb−2.
Therefore, if b > 4, we have Hb ≤ 2Hb−2.
Now we will prove that B(3qb) = 3 · 2[
b−1
2
]. Since H3 = H4 = 2, we
have Hb ≤ 2
[ b−1
2
]. If b = 2k + 1, we consider the height of polynomial∏k
i=1Φ3q2i−1(x)Φq2i(x). Without loss of generality assume that q ≡ −1 (mod 3),
then σ = 1 and we have the coefficient of xq(1+q
2+···+q2k−2) of polynomial∏k
i=1Φpq2i−1(x)Φq2i(x) is 2
k. Therefore we have H2k+1 = 2
k. If b = 2k + 2,
then 2k = H2k+1 ≤ H2k+2 ≤ 2
k. This completes the proof of the case p = 3. ✷
Remark: Let p < q be distinct primes and q ≡ ±1 (mod p). For any
positive integer b, we can show that B(pqb) = p · (p− 1)[
b−1
2
].
4. Explicit formula for B(pq3)
Proof of Theorem 1.6. Since p, q are different primes, we have to deal
with two cases.
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Case 1. p < q. By Theorem 1.4, it suffices to compute the value of
H3. So H3 = H(g0(x)) follows from Lemma 2.5 where g0(x) = Φpq(x)Φq2(x).
Therefore we have B(pq3) = pH(g0(x)). Now we will prove that
H(Φpq(x)Φq2(x)) = max{σ + 1, p− (σ + 1)}.
By Proposition 2.3, we have the polynomial
Φpq(x)Φq2(x) =
ρ∑
i=0
σ∑
j=0
q−1∑
s=0
xip+jq+sq −
q−ρ−2∑
i=0
p−σ−2∑
j=0
q−1∑
s=0
xip+jq+sq+1.
If there exist integers 0 ≤ i1, i2 ≤ ρ, 0 ≤ j1, j2 ≤ σ, 0 ≤ s1, s2 ≤ q − 1 such
that x(i1p+j1q+s1q) = x(i2p+j2q+s2q), then we have q | i1 − i2. Hence i1 = i2. Fix
0 ≤ i ≤ ρ, the coefficient of xip+jq in the polynomial
∑ρ
i=0
∑σ
j=0
∑q−1
s=0 x
ip+jq+sq
is at most σ + 1 where 0 ≤ j ≤ q + σ − 1. So
H(
ρ∑
i=0
σ∑
j=0
q−1∑
s=0
xip+jq+sq) ≤ σ + 1.
Similarly, H(
∑q−ρ−2
i=0
∑p−σ−2
j=0
∑q−1
s=0 x
ip+jq+sq+1) ≤ p−σ−1. Since the coefficient
of xσq in polynomial Φpq(x)Φq2(x) is σ + 1 and the coefficient of x
(p−(σ+2))q+1
in polynomial Φpq(x)Φq2(x) is p− (σ + 1), we have
H(Φpq(x)Φq2(x)) = max{(σ + 1), (p− (σ + 1))}.
Therefore B(pq3) = max{(σ + 1)p, (p− (σ + 1))p}.
Case 2. p > q. For any h(x) | xpq
3
− 1, there exist g(x) | Φq3(x)Φpq3(x) and
f(x)|(xpq
2
−1) such that h(x) = f(x)g(x). For any f(x)|(xpq
2
−1), by Lemma
2.2, we have
H(Φq3(x)Φpq3(x)f(x)) = H(Φq(x
pq2)f(x)) ≤ min{p, q2}.
It suffices to consider polynomials like Φq3(x)f1(x)f2(x) and Φpq3(x)f1(x)f2(x)
where f1(x)|Φp(x)Φpq(x)Φpq2(x) and f2(x)|(x
q2 − 1).
First we consider the case p > q3. From Lemmas 2.1 and 2.2, we have
H(Φq3(x)f1(x)f2(x)) ≤ T(Φq3(x))H(f1(x)f2(x)) ≤ q
3.
H(Φpq3(x)f1(x)f2(x)) ≤ T(f2(x))H(Φpq3(x)f1(x)) ≤ q
3.
Since B(pq3) ≥ min{p, q3}, we have B(pq3) = q3.
Next we consider the case q < p < q3. There are a few difficult cases which
we may consider separately.
(1) H(Φq3(x)Φpq(x)f2(x)) ≤ p.
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(2) H(Φpq3(x)Φpq(x)f2(x)) ≤ 2q.
(3) H(Φpq2(x)Φp(x)f2(x)) ≤ max{p, 2q}.
We prove the first and leave the rest to reader. If f2(x) = Φ1(x)Φq2(x). We
have Φ1(x)Φq2(x)Φq3(x) =
q2−1∑
j=0
xqi+1 −
q2−1∑
i=0
xqi. Now we will show that
H(Φ1(x)Φpq(x)Φq2(x)Φq3(x)) ≤ p.
This proof depends on Proposition 2.3. Let 0 ≤ k ≤ p − 1. There do not
exist coefficients an, am of Φpq(x) with n ≡ m (mod q) such that anam =
−1. Suppose the coefficients an with n ≡ k (mod q) are all nonnegative.
Proposition 2.3 implies that there are σ + 1 positive coefficients in this set.
Consider the set of coefficients al where l ≡ k−1 (mod q). These al are either
0 or −1. There are p − (σ + 1) negative coefficients in this set. Therefore
H(Φ1(x)Φq2(x)Φq3(x)Φpq(x)) ≤ p. Hence H(Φ1(x)Φpq(x)Φq2(x)Φq3(x)) ≤ p.
Similarly, if f2(x) 6= Φ1(x)Φq2(x), we have H(Φq3(x)Φpq(x)f2(x)) ≤ p.
We will argue that the other divisors of xpq
3
− 1 have height at most
max{p, q2}. We will do this by repeatedly applying lemmas and propositions
we have already proven. We present the rest of the proof in the following
chart(see Table 1).
TABLE 1
f(x) H(Φpq3(x)f(x)) ≤ H(Φq3(x)f(x)) ≤
f2(x) 1 1
Φp(x)f2(x) p p
Φpq(x)f2(x) 2q p
Φpq2(x)f2(x) p p
Φp(x)Φpq(x)f2(x) p p
Φp(x)Φpq2(x)f2(x) p max{p, q
2}
Φpq(x)Φpq2(x)f2(x) 2q max{p, 2q}
Φp(x)Φpq(x)Φpq2(x)f2(x) p p
From Table 1, we have
B(pq3) ≤

p, if q
3 > p > q2,
q2, if q2 > p > q.
(5)
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If q3 > p > q2, by Lemma 2.7, we have B(pq3) ≥ p and then B(pq3) = p. So we
only need to consider the case q2 > p > q. If h(x) 6= Φq3(x)Φpq2(x)Φp(x)f2(x),
we have H(h(x)) ≤ max{p, 2q} follows from Table 1. It is easy to show that
H(Φp(x)Φpq2(x)Φq3(x)f2(x)) ≤


q2, if f2(x) = Φq(x),
2q, if f2(x) = Φ1(x),Φ1(x)Φq(x),
p, otherwise.
(6)
So we have proved that if h(x) 6= Φq(x)Φp(x)Φpq2(x)Φq3(x), H(h(x)) ≤ max{p, 2q}.
Therefore, if q2 > p > 2q, we have B(pq3) = max{p, H(Φp(x)Φq(x)Φpq2(x)Φq3(x))}.
Now we will prove that, if 2q > p > q, H(Φp(x)Φq(x)Φpq2(x)Φq3(x)) ≥ 2q. We
consider two cases.
Case a. q < min{σ + 1, p− (σ + 1)}. Since the the coefficient of xσq
2+2q−p
in the polynomial Φp(x)Φq(x)Φpq2(x)Φq3(x) is (2q − p + 1)q. However (2q −
p+ 1)q ≥ 2q, we have H(Φp(x)Φq(x)Φpq2(x)Φq3(x)) ≥ 2q.
Case b. q ≥ min{σ + 1, p − (σ + 1)}. Without loss of generality, we
assume that σ + 1 < p − (σ + 1). Consider the coefficient of xσq
2+q−1 in the
polynomial Φp(x)Φq(x)Φpq2(x)Φq3(x). If there exist integers 0 ≤ m ≤ p+q−2,
0 ≤ n ≤ (q−1)(q+p−1) such that xm+nq = xσq
2+q−1, then we have m = q−1
or m = 2q − 1. If m = q − 1, we have n = σq and then the coefficient of
xq−1 of polynomial Φp(x)Φq(x) is q, the coefficient of x
σq2 of the polynomial
Φpq2(x)Φq3(x) is σ + 1. If m = 2q − 1, we have n = σq − 1 and then the
coefficient of x2q−1 in the polynomial Φp(x)Φq(x) is p − q, the coefficient of
xσq
2−q in the polynomial Φpq2(x)Φq3(x) is not less than 1 − σ. Therefore the
coefficient of xσq
2+q−1 in the polynomial Φp(x)Φq(x)Φpq2(x)Φq3(x) is not less
than ((σ + 1)q − (p− q)(σ − 1)). However ((σ + 1)q − (p − q)(σ − 1)) ≥ 2q.
Hence H(Φp(x)Φq(x)Φpq2(x)Φq3(x)) ≥ 2q. 
Example 1. B(3 · 53) = 6, B(5 · 33) = 8 = H(Φ5(x)Φ3(x)Φ5·32(x)Φ33(x)),
B(7 · 33) = 7, B(11 · 33) = 11, B(13 · 33) = 13, B(29 · 33) = B(31 · 33) = 27.
The following corollary follow directly from Theorems 1.5 and 1.6.
Corollary 4.1. Let p < q be odd primes and integer b > 2.
(1) If p > 3, then B(pqb) ≥ 3p.
(2) If p = 3, B(pqb) = 2p if and only if b = 3 or 4.
Corollary 4.2. Let p < q < r be primes and q ≡ ±r (mod p). Then
B(pq3) = B(pr3).
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Proof. Assume that ρ1p+σ1q = (p−1)(q−1) and ρ2p+σ2r = (p−1)(r−1)
where 0 ≤ σ1, σ2 < p − 1 and 0 ≤ ρ1 < q − 1, 0 ≤ ρ2 < r − 1. Then we
have (ρ1 − ρ2)p + (σ1q − σ2r) = (p − 1)(q − r). If q ≡ r (mod p), we have
(σ1q − σ2q) ≡ 0 (mod p). Therefore σ1 = σ2. If q ≡ −r (mod p), we have
(σ1q + σ2q) ≡ −2q (mod p). Therefore σ1 + σ2 + 2 = p. By Theorem 1.6, we
have B(pq3) = B(pr3).

Corollary 4.3. Let p < q be primes. Then B(pq3) = p(p − 1) if and only if
q ≡ ±1 (mod p).
Proof. By Theorem 1.6, B(pq3) = p(p−1) if and only if σ+1 = p−1 or σ = 0.
If σ + 1 = p− 1, then q ≡ −1 (mod p). If σ = 0, we have ρp = (p− 1)(q − 1)
and then q ≡ 1 (mod p). Conversely, if q ≡ ±1 (mod p), it is easy to verify
that B(pq3) = p(p− 1).

5. Formulas for B(pq4) and B(pq5)
Proof of Theorem 1.7. Note that by Theorem 1.4, it suffices to prove
that H4 = max{H(g0(x)),H(Φpq(x)Φpq2(x)Φq3(x))} and H5 = H
2(g0(x)). We
will first prove that H4 = max{H(g0(x)),H(Φpq(x)Φpq2(x)Φq3(x))}. For any
h(x) |
∏3
i=1Φqi(x
p), there exist g(x)|
∏3
i=2Φqi(x
p) and f(x)|Φq(x
p) such that
h(x) = f(x)g(x), then H(h(x)) = H(f(x)g(x)). If f(x) = 1 or Φq(x) or Φq(x
p),
we have
H(f(x)g(x)) = H(g(x)) ≤ H(g0(x)).
If f(x) = Φpq(x), by Lemma 2.4, we have H(f(x)g(x)) ≤ H(g0(x))H(g(x)).
By Lemma 2.5, if g(x) 6= Φpq2(x)Φq3(x), we have H(g(x)) = 1. Hence for
any f(x)|Φq(x
p), if g(x) 6= Φpq2(x)Φq3(x), we have H(f(x)g(x)) ≤ H(g0(x)).
Therefore H4 = max{H(Φpq(x)Φq2(x)),H(Φpq(x)Φpq2(x)Φq3(x))}.
Next we will show that H5 = H
2(g0(x)). For any h(x) |
∏4
i=1Φqi(x
p), there
exist f(x)|
∏2
i=1Φqi(x
p) and g(x)|
∏4
i=3Φqi(x
p) such that h(x) = f(x)g(x),
then H(h(x)) = H(f(x)g(x)). We consider four cases.
(1) If H(f(x)) = H(g(x)) = H(g0(x)), by Lemma 2.4, we have
H(f(x)g(x)) ≤ H(Φpq(x)Φq2(x))H(Φq2(x)g(x)) = H
2(g0(x)).
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Consider the coefficients of xσq+σq
3
and x(p−σ−2)q+(p−σ−2)q
3
of f(x)g(x), we
have H(f(x)g(x)) ≥ H2(g0(x)). Hence H(f(x)g(x)) = H
2(g0(x)).
(2) If H(f(x)) = H(g(x)) = 1, then
H(f(x)g(x)) ≤ pH(f(x))H(g(x)) = p ≤ H2(g0(x)).
(3) If H(f(x)) = 1 and H(g(x)) = H(g0(x)), by Lemma 2.2 and Lemma 2.4,
it is easy to show that H(f(x)g(x)) ≤ H(g0(x))H(g(x)) ≤ H
2(g0(x)).
(4) If H(f(x)) = H(g0(x)) and H(g(x)) = 1, then
H(f(x)g(x)) ≤ 2H(f(x))H(g(x)) = 2H(g0(x)).
From above four cases, we have H(f(x)g(x)) ≤ H2(g0(x)).
Therefore we have B(pq5) = pH2(g0(x)).
✷
Example 2. B(5 · 74) = 5H(Φ5·7(x)Φ5·72(x)Φ73(x)) = 20 > 15 = B(5 · 7
3)
and B(7 · 174) = B(7 · 173) = 35 > 28 = 7H(Φ7·17(x)Φ7·172(x)Φ173(x)).
Proof of Theorem 1.8. If b ≤ 2, the Theorem is true since B(pqb) = p. By
Corollary 4.2, the Theorem is true if b = 3 or 5. By Theorem 1.5, B(3q4) = 6,
the Theorem is true if b = 4 and p = 3. Then it suffices to consider the case
p > 3 and b = 4. Since B(pq4) = max{pH(Φpq(x)Φpq2(x)Φq3(x)), B(pq
3)}, it
is sufficient to show that H(Φpq(x)Φpq2(x)Φq3(x)) = H(Φpr(x)Φpr2(x)Φr3(x)).
Write Φpq(x)Φpq2(x)Φq3(x) =
∑
i≥0 cix
i and Φpr(x)Φpr2(x)Φr3(x) =
∑
i≥0 dix
i.
Set
l1 = min{l | |cl| = H(Φpq(x)Φpq2(x)Φq3(x))}.
Now we will show that l1 < (2p−1)q
2. By Lemma 2.6, we have l1 ≡ 0 (mod q
2)
or l1 ≡ 1 (mod q
2). Without loss of generality assume l1 = kq
2. Then
cl1 = cl1−p+p. If l1 ≥ (2p−1)q
2, there exist1 < k1 < q
2 such that kq2−k1p =
k2q
2+1. If k2 ≥ p−1, we have ck2q2+1+p = ck2q2+1−p. By Lemma 2.6, we have
cl1 = ck2q2+1−p and l1 > k2q
2+1−p. This contradicts the previous paragraph.
So k2 < p − 1 and l1 < (2p − 1)q
2. Similarly, we have l1 < (2p − 1)q
2
if l1 ≡ 1 (mod q
2). Next we will show that give any coefficient cn with
n < (2p − 1)q2 of Φpq(x)Φpq2(x)Φq3(x), there exist some coefficient dln of
Φpr(x)Φpr2(x)Φr3(x) with cn = dln.
For n = [ n
q2
]q2 + n0 with 0 ≤ n0 < q
2, we can take ln = [
n
q2
]r2 + n0.
The coefficient of xn in the polynomial (xp − 1)Φpq(x)Φpq2(x)Φq3(x) equals to
the coefficient of xln in polynomial (xp − 1)Φpr(x)Φpr2(x)Φr3(x), so we have
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cn − cn−p = dln − dln−p. We will prove the result cn = dln by induction. If
n ≤ p, then it is clear that cn = dln. We assume that ck = dlk for k ≤ n
and consider cn+1. Let n + 1 = [
n+1
q2
]q2 + n0 where 0 ≤ n0 < q
2, take ln+1 =
[n+1
q2
]r2 + n0. If n0 ≥ p, we have cn+1−p = dln+1−p. Therefore cn+1 = dln+1
because of cn+1 − cn+1−p = dln+1 − dln+1−p. If n0 < p, by Lemma 2.6, we have
cn+1−p = d[n+1
q2
]r2+q2+n0−p
= d[n+1
q2
]r2+r2+n0−p
= dln+1−p. Therefore cn+1 = dln+1.
So we have H(Φpq(x)Φpq2(x)Φq3(x)) ≤ H(Φpr(x)Φpr2(x)Φr3(x)).
Set
l2 = min{l | |dl| = H(Φpr(x)Φpr2(x)Φr3(x))}.
Then l2 < (2p − 1)r
2 and l2 ≡ 0 (mod q
2) or l2 ≡ 1 (mod q
2). Without loss
of generality assume l2 = kr
2. As in the proof of cn = dln, we have ckq2 = dl2.
Therefore
H(Φpq(x)Φpq2(x)Φq3(x)) ≥ H(Φpr(x)Φpr2(x)Φr3(x)).
This completes the proof of H(Φpq(x)Φpq2(x)Φq3(x)) = H(Φpr(x)Φpr2(x)Φr3(x)).
✷
This result shows that given any prime p, if we want to find the values of
B(pqb) where q > p, it is sufficient to consider p−1
2
distinct prime values of q.
For example, we can easily get B(5q4) = 20 and the following results
B(5q3) =

20, if q ≡ ±1 (mod 5),15, if q ≡ ±2 (mod 5). (7)
B(7q3) =


42, if q ≡ ±1 (mod 7),
28, if q ≡ ±2 (mod 7),
35, if q ≡ ±3 (mod 7).
(8)
B(7q4) =

42, if q ≡ ±1 (mod 7),35, otherwise. (9)
Ryan et al ([8]) have computed B(n) for almost 300000 distinct n. All of the
form n = pqb satisfy B(pqb) = B(prb) where p < q < r and q ≡ ±r (mod p).
One is tempted to believe the following
Conjecture 5.1. Let p < q < r be distinct odd primes. If q ≡ ±r (mod p),
then B(pqb) = B(prb).
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It is clear that the same propositions used in this section will be useful
in studying B(paqb), however it is not at all clear what the resulting formula
should be, even for B(pq4) if p > q or B(p2q2). The approach involves carefully
analyzing many divisors and becomes impractical when the divisors becomes
large.
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